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1. Introduction
Let Sn+11 (1) be the (n + 1)-dimensional de Sitter space of constant curvature 1. Spacelike hypersurfaces in Sn+11 (1) with
constant mean curvature have been under very extensive study since Goddard [2] posed the conjecture that every complete
spacelike hypersurface in Sn+11 (1) with constant mean curvature must be totally umbilical. It is well known that this con-
jecture is false in general and holds only for some special cases. See Akutagawa [1], Ramanathan [7] and Montiel [4] for
details. Recently, spacelike hypersurfaces in Sn+11 (1) of constant scalar curvature have also been studied (see e.g., [3]).
In this paper we investigate complete spacelike hypersurfaces in Sn+11 (1) with two distinct principal curvatures and
constant m-th mean curvature. By using Otsuki’s idea [6], we obtain some global classiﬁcation results. As their applications,
we obtain some characterizations for hyperbolic cylinders. We prove that the only complete spacelike hypersurfaces in
S
n+1
1 (1) (n  3) of constant m-th mean curvature Hm(|Hm|  1) with two distinct principal curvatures λ and μ satisfying
inf(λ − μ)2 > 0 are the hyperbolic cylinders. We also obtain some global rigidity results for hyperbolic cylinders and obtain
some non-existence results. Note that the corresponding global classiﬁcation results for complete spacelike hypersurfaces
with two distinct principal curvatures and constant m-th mean curvature in anti-de Sitter space and Lorentz–Minkowski
space have been obtained recently by author [9,10].
2. Preliminaries
Let M be an n-dimensional spacelike hypersurface in the de Sitter space Sn+11 (1) of constant curvature 1. For any p ∈ M ,
we choose a local orthonormal frame e1, . . . , en, en+1 in Sn+11 (1) around p such that e1, . . . , en are tangent to M . Take the
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280 B.Y. Wu / Differential Geometry and its Applications 29 (2011) 279–291corresponding dual coframe ω1, . . . ,ωn,ωn+1 with the connection 1-forms ωAB , 1 A, B  n + 1. The metric of Sn+11 (1) is
ds2 =∑A Aω2A , where 1 = · · · = n = 1, n+1 = −1. We make the convention on the range of indices that 1 A, B, . . .
n+ 1, 1 i, j, . . . n. The structure equations of Sn+11 (1) are
dωA = −
∑
B
BωAB ∧ ωB , ωAB + ωB A = 0, (2.1)
dωAB = −
∑
C
CωAC ∧ ωC B + 1
2
∑
C,D
CD KABCDωC ∧ ωD , (2.2)
KABCD = AB(δACδBD − δADδBC ), (2.3)
where KABCD is the curvature tensor of S
n+1
1 (1). When restricted to M , we have ωn+1 = 0, and thus 0 = dωn+1 =−∑i ωn+1 i ∧ ωi . By Cartan’s lemma, there exist local functions hij such that
ωn+1 i =
∑
j
hi jω j, hij = h ji. (2.4)
The second fundamental form is h =∑i, j hi jωi ⊗ ω j . We also write h = (hij)n×n and call the eigenvalues of the matrix (hij)
the principal curvatures of M . The mean curvature of M is given by H = 1n tr(h) = 1n
∑
i hii . M is said to be of constant mean
curvature if H is a constant. In particular, when H = 0, M is said to be maximal. From (2.1)–(2.4) we obtain the structure
equations of M
dωi = −
∑
j
ωi j ∧ ω j, ωi j + ω ji = 0, (2.5)
dωi j = −
∑
k
ωik ∧ ωkj + 12
∑
k,l
Ri jklωk ∧ ωl (2.6)
and the Gauss equations
Rijkl = δikδ jl − δilδ jk + hilh jk − hikh jl, (2.7)
n(n − 1)(r − 1) = S − n2H2, (2.8)
where R is the Riemannian curvature tensor of M , r the normalized scalar curvature of M , and S = ∑i, j h2i j , the squared
length of the second fundamental form, respectively. The covariant derivative of hij is deﬁned by∑
k
hijkωk = dhij −
∑
k
(hkjωki + hikωkj). (2.9)
Thus, by exterior differentiation of (2.4), we obtain the Codazzi equation
hijk = hikj. (2.10)
We choose a local frame ﬁeld e1, . . . , en such that
hij = λiδi j. (2.11)
For 1m n, the m-th mean curvature Hm of M is deﬁned by
Cmn Hm =
∑
1i1<···<imn
λi1 · · ·λim , Cmn =
n!
m!(n −m)! . (2.12)
It is easy to know from the Gauss equation that the m-th mean curvature Hm is intrinsic for even m and is extrinsic for
odd m. We call M is m-maximal if Hm = 0. It is clear from (2.8) that M has constant second mean curvature if and only if
M has constant scalar curvature.
M is called to be totally umbilical if the principal curvatures are equal, namely, λ1 = · · · = λn = λ. In this situation, λ must
be constant, and M is isometric to a sphere of constant curvature 1 − λ2 when |λ| < 1, or a hyperbolic space of constant
curvature 1 − λ2 when |λ| > 1, or the Euclidean space when |λ| = 1. In the following, we shall consider the case when M
has two distinct principal curvatures.
Example 2.1 (The hyperbolic cylinders in Sn+11 (1)). For 1 k n− 1, λ > 1, let Mk,n−k(λ) = Hk(1− λ2) × Sn−k(1− 1λ2 ), where
H
k(c) denotes the k-dimensional hyperbolic space of constant curvature c, while Sk(c′) denotes the k-dimensional sphere
of constant curvature c′ . We view x = (x1, x2) ∈ Mk,n−k(λ) as a vector in Rn+2 = Rk+1 × Rn+1−k , then x ∈ Sn+1(1). This is1 1 1
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curvatures λ of multiplicity k and μ = 1
λ
of multiplicity n− k (for suitably chosen en+1), and clearly Mk,n−k(λ) has constant
m-th mean curvature for all 1m n. We shall refer Mk,n−k(λ) as the hyperbolic cylinders in Sn+11 (1).
It is natural to ask that whether there are spacelike hypersurfaces in Sn+11 (1) with two distinct principal curvatures and
constant m-th mean curvature other than the hyperbolic cylinders as described in Example 2.1. The answer is negative
when the multiplicities of two principal curvatures are both greater than 1 and two principal curvatures are non-zero when
m 2. In fact one can prove the following proposition by the similar argument as in [6].
Proposition 2.2. Let M be a (connected) hypersurface in Sn+11 (1) with two distinct principal curvatures of multiplicities k,n − k
and constant m-th mean curvature Hm. If 2  k  n − 2, then M is either locally a hyperbolic cylinder Mk,n−k(λ) described as in
Example 2.1, or M has two distinct principal curvatures λ1 = · · · = λk = 0, λk+1 = · · · = λn and m > n− k (in this case Hm = 0).
Thus, to consider the spacelike hypersurfaces with two distinct principal curvatures and constant m-th mean curvature,
we need only to deal the case when one of the two principal curvatures is simple. In this situation, there are many such
hypersurfaces other than the hyperbolic cylinders, as we will see later in this paper.
3. The local construction of isometric immersion
Now, let M be a (connected) spacelike hypersurface in Sn+11 (1) with constant m-th mean curvature Hm and two distinct
principal curvatures with multiplicities n− 1,1, namely, we assume
λ1 = · · · = λn−1 = λ, λn = μ. (3.1)
Thus we have
Cmn Hm = Cmn−1λm + Cm−1n−1 λm−1μ,
and thus
Hm = m
n
λm−1
(
n −m
m
λ + μ
)
. (3.2)
We see from (3.2) that λ never vanishes if Hm = 0 and m  2. On the other hand, we can prove that if Hm = 0 for some
m 2 and λ vanishes at one point, then it vanishes on M identically. In fact, if λ equals zero at some point and it does not
vanish identically, we can choose a series of points {pi} ⊂ M such that λ(pi) = 0 and pi → p with λ(p) = 0. Then by (3.2)
and the continuity we have μ(p) = 0= λ(p), which is a contradiction. Hence for m 2, λ never vanishes unless it vanishes
identically. In the following, we always assume that λ never vanishes when m  2. Furthermore, replace en+1 by −en+1 if
necessary, we can assume λ > 0 when m 2. Then (3.2) yields
μ = nHm − (n−m)λ
m
mλm−1
(3.3)
and
λ − μ = n(λ
m − Hm)
mλm−1
. (3.4)
By means of (2.9) and (3.1), we obtain∑
k
hijkωk = δi j dλi + (λ j − λi)ωi j . (3.5)
In the following we shall use the following convention on the ranges of indices: 1  a,b, c, . . .  n − 1. From (2.10), (3.1)
and (3.5) we easily get
habi = 0, ∀a = b, i, haaa = hnna = 0, (3.6)
λ,a = μ,a = 0, (3.7)
haan = λ,n, hnnn = μ,n, (3.8)
here λ,i = ei(λ). Combining (2.10), (3.6)–(3.8), and the formula∑
i
haniωi = dhan −
∑
i
hinωia −
∑
i
haiωin = (λ − μ)ωna,
we obtain from (3.4)
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λ − μωa =
mλm−1λ,n
n(λm − Hm)ωa =
(
log
∣∣λm − Hm∣∣ 1n ),nωa. (3.9)
Since the multiplicities of λ and μ are constant, their eigenspaces are completely integrable. Notice that
∇enen = −
∑
a
ωna(en)ea = 0,
here ∇ is the Levi-Civita connection of M , the integral curves corresponding to μ are geodesics, and they are orthogonal
trajectories of the family of the integral submanifolds corresponding to λ. Let u be the parameter of arc length of the
geodesics corresponding to μ, and we may put ωn = du. From (3.7) we may consider λ = λ(u) to be locally a function of u,
and (3.9) can be rewritten as
ωna =
(
log
∣∣λm − Hm∣∣ 1n )′ωa, (3.10)
where the prime denotes the derivative with respect to u. (3.10) shows that the integral submanifold Mn−1(u) corresponding
to λ and u is umbilical in M and Sn+11 (1). According to (2.4)–(2.7) and (3.10), we compute
dωna = −
∑
b
ωnb ∧ ωba + (1− λμ)ωn ∧ ωa = −
(
log
∣∣λm − Hm∣∣ 1n )′∑
b
ωab ∧ ωb + (1− λμ)ωn ∧ ωa,
dωna = d
((
log
∣∣λm − Hm∣∣ 1n )′ωa)= (log∣∣λm − Hm∣∣ 1n )′′du ∧ ωa + (log∣∣λm − Hm∣∣ 1n )′dωa
= [(log∣∣λm − Hm∣∣ 1n )′′ − ((log∣∣λm − Hm∣∣ 1n )′)2]ωn ∧ ωa − (log∣∣λm − Hm∣∣ 1n )′∑
b
ωab ∧ ωb.
By comparison and using (3.3) we get
(
log
∣∣λm − Hm∣∣ 1n )′′ − ((log∣∣λm − Hm∣∣ 1n )′)2 + nHm − (n −m)λm
mλm−2
− 1= 0. (3.11)
By (3.4) λm − Hm never vanishes, and by putting w = |λm − Hm|− 1n , (3.11) is reduced to
d2w
du2
= w
(
nHm − (n −m)λm
mλm−2
− 1
)
. (3.12)
Note that
w =
{
(λm − Hm)− 1n , for λm − Hm > 0,
(Hm − λm)− 1n , for λm − Hm < 0,
(3.12) can be rewritten as
d2w
du2
= wf +(w) := w
(
− (n −m)
m
(
w−n + Hm
) 2
m + n
m
Hm
(
w−n + Hm
) 2
m−1 − 1
)
, (3.13)+
for λm − Hm > 0, or
d2w
du2
= wf −(w) := w
(
− (n −m)
m
(
Hm − w−n
) 2
m + n
m
Hm
(
Hm − w−n
) 2
m−1 − 1
)
, (3.13)−
for λm − Hm < 0. Integrating (3.13), we get(
dw
du
)2
= C + F+(w) := C + w2(w−n + Hm) 2m − w2 (3.14)+
for λm − Hm > 0, or(
dw
du
)2
= C + F−(w) := C + w2(Hm − w−n) 2m − w2 (3.14)−
for λm − Hm < 0, where C is the integration constant. We have ddw F+(w) = 2wf +(w) and ddw F−(w) = 2wf −(w). We view
S
n+1
1 (1) as a hypersurface in R
n+2
1 , then the local orthonormal frame e1, . . . , en+1 of S
n+1
1 (1) along M gives rise to a local
frame e1, . . . , en+2 of Rn+21 along M , where en+2 = x is the position vector of M in Rn+21 . We have
dea = −
∑
ωabeb − ωanen + ωan+1en+1 − ωan+2en+2 = −
∑
ωabeb +
((
log
∣∣λm − Hm∣∣ 1n )′en − λen+1 − en+2)ωa,
b b
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((
log
∣∣λm − Hm∣∣ 1n )′en − λen+1 − en+2)
= ((log∣∣λm − Hm∣∣ 1n )′′en − λ′en+1)ωn + (log∣∣λm − Hm∣∣ 1n )′
(
−
∑
a
ωnaea + ωnn+1en+1 − ωnn+2en+2
)
+ λ
(∑
a
ωn+1aea + ωn+1nen
)
−
∑
a
ωaea − ωnen
= (log∣∣λm − Hm∣∣ 1n )′((log∣∣λm − Hm∣∣ 1n )′en − λen+1 − en+2)du + (λ2 − 1− ((log∣∣λm − Hm∣∣ 1n )′)2)∑
a
eaωa,
hence putting
W = e1 ∧ · · · ∧ en−1 ∧
((
log
∣∣λm − Hm∣∣ 1n )′en − λen+1 − en+2), (3.15)
we get
dW = (log∣∣λm − Hm∣∣ 1n )′Wdu. (3.16)
(3.16) shows that the n-vector W in Rn+21 is constant along integral submanifold Mn−1(u). Hence there exists an n-
dimensional linear subspace En(u) in Rn+21 containing Mn−1(u). Furthermore, by integrating (3.16) we get
W (u) =
(
λm(u) − Hm
λm(u0) − Hm
) 1
n
W (u0).
Hence we have En(u) ‖ En(u0) in Rn+21 . From (3.14) and
dωab = −
∑
c
ωac ∧ ωcb − ωan ∧ ωnb + ωan+1 ∧ ωn+1b − ωan+2 ∧ ωn+2b
= −
∑
c
ωac ∧ ωcb +
{
1+ ((log∣∣λm − Hm∣∣ 1n )′)2 − λ2}ωa ∧ ωb,
we see that the curvature of Mn−1(u) is
K = K (u) = 1+ ((log∣∣λm − Hm∣∣ 1n )′)2 − λ2 = C
w2
. (3.17)
Now we consider the cases when C < 0 or C > 0. Let us ﬁrst assume that C < 0. In this situation, λ2 = 1 + ((log |λm −
Hm| 1n )′)2 − K > 1, and (log |λm − Hm| 1n )′en − λen+1 − en+2 is a timelike vector ﬁeld, and En(u) ∼= Rn1, and thus Mn−1(u) =
E
n(u) ∩ Sn+11 (1) ∼= Hn−1(K (u)). The center of Hn−1(K (u)) is given by
q = q(u) = x+ (log |λ
m − Hm| 1n )′en − λen+1 − en+2
K (u)
. (3.18)
It is clear that the curve q = q(u) lies in a ﬁxed 2-plane R2 through the origin of Rn+21 which is orthogonal to En(u0). The
tangent vector ﬁeld of q = q(u) is
q′(u) = −(λ
2 − 1)en + (log |λm − Hm| 1n )′(λen+1 + en+2)
K (u)
. (3.19)
By (3.18) and (3.19) it is clear that
〈
q(u),q(u)
〉= 1− 1
K (u)
> 1,
〈
q′(u),q′(u)
〉= λ2 − 1−K > 0, (3.20)
and
2
〈
q,q′
〉= 〈q,q〉′ = 2(log |λm − Hm| 1n )′
K
. (3.21)
Thus letting e¯n+1 =
√
−K
1−K q, then
de¯n+1 =
√ −K (
q′ + (log |λ
m − Hm| 1n )′
q
)
,du 1− K 1− K
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de¯n+1
du
,
de¯n+1
du
〉
= −λ
2K
(1− K )2 . (3.22)
Thus we can choose a new frame ﬁeld of Rn+21 along M as following:
e¯a = ea, e¯n = (log |λ
m − Hm| 1n )′en − λen+1 − en+2√−K (u) ,
e¯n+1 =
√ −K
1− K q, e¯n+2 =
1− K
λ
√−K
de¯n+1
du
.
Then e¯n+1, e¯n+2 span the ﬁxed 2-plane R2. We can rewrite (3.18) as
x = q + 1√−K e¯n, (3.23)
and the curve q = q(u) in R2 can be expressed by
q =
√
1− K
−K e¯n+1. (3.24)
We ﬁx an orthonormal basis ε1, ε2 for R2 and write
e¯n+1 = cos θε1 + sin θε2, e¯n+2 = − sin θε1 + cos θε2. (3.25)
By the deﬁnition of e¯n+1 and e¯n+2 we have
dθ
du
= λ
√−K
1− K . (3.26)
Note that (3.23) deﬁnes an isometric embedding x : (a,b)×Hn−1(−1) → Sn+11 (1), here from (3.18)–(3.24), (a,b)×Hn−1(−1)
is endowed with a warped product metric as follows:
ds2 = du2 + 1−K ds¯
2, (3.27)
here ds¯2 denotes the standard metric on hyperbolic (n − 1)-space Hn−1(−1). As usual we write (a,b) ×ρ Hn−1(−1) when
endowed with the metric (3.27), here ρ = 1√−K (u) .
Conversely, assume that w = w(u) : (a,b) → R be a positive solution of Eq. (3.14) for some constants Hm and C < 0, and
we also assume that λ = (w−n + Hm) 1m for (3.14)+ or λ = (Hm − w−n) 1m for (3.14)− is well-deﬁned, and deﬁne K = K (u)
by (3.17). We consider Sn+11 (1) as
S
n+1
1 (1) ⊂ Rn+21 = Rn1 × R2
and e¯1, . . . , e¯n denoting the local orthonormal frame of Rn1 at the origin, we put
de¯i = −
∑
j
 jω¯i j e¯ j, ω¯i j + ω¯ ji = 0,
where 1 = · · · = n−1 = 1 = −n . Then we can deﬁne an embedding x : (a,b) × Hn−1(−1) → Sn+11 (1) by (3.23), where the
curve q = q(u) in R2 is determined by (3.24)–(3.26), then by a direct computation we have
dx = − 1√−K
∑
a
ω¯nae¯a +
(
− (log |λ
m − Hm| 1n )′√−K e¯n −
(log |λm − Hm| 1n )′√−K (1− K ) e¯n+1 +
λ√
1− K e¯n+2
)
du.
Thus by putting
ea = e¯a, ωa = − 1√−K ω¯na,
en = − (log |λ
m − Hm| 1n )′√−K e¯n −
(log |λm − Hm| 1n )′√−K (1− K ) e¯n+1 +
λ√
1− K e¯n+2, ωn = du,
we have
B.Y. Wu / Differential Geometry and its Applications 29 (2011) 279–291 285dx =
∑
i
ωiei,
which shows that the induced metric on (a,b) × Hn−1(−1) is given by (3.27), and e1, . . . , en is a local orthonormal frame
of (a,b) × 1√−K H
n−1(−1). Now we show that λ = λ(u) is the principal curvature with multiplicity n− 1 of the embedding x
and it has constant m-th mean curvature Hm . Let
en+1 = − λ√−K e¯n −
λ√−K (1− K ) e¯n+1 +
(log |λm − Hm| 1n )′√
1− K e¯n+2,
then it is easy to verify that en+1 is the unit timelike normal vector of embedding x, and e1, . . . , en+1, en+2 = x is the local
orthonormal frame of Rn+21 . We have
ωn+1a = −〈den+1, ea〉 = λ√−K 〈de¯n, e¯a〉 = −
λ√−K ω¯na = λωa,
this proves that λ is the principal curvature with multiplicity n − 1. Similarly, by a direct but somewhat complicated com-
putation we have
ωn+1n = 〈en+1,den〉 = nHm − (n −m)λ
m
mλm−1
ωn,
this shows that another principal curvature is
μ = nHm − (n−m)λ
m
mλm−1
,
and consequently the embedding x has constant m-th mean curvature Hm .
Now we assume that C > 0. Then (log |λm −Hm| 1n )′en −λen+1 −en+2 is a spacelike vector ﬁeld, and En(u) ∼= Rn , and thus
Mn−1(u) = En(u)∩Sn+11 (1) ∼= Sn−1(K (u)). The center of Sn−1(K (u)) is again given by (3.18), and it lies in a ﬁxed Lorentzian
2-plane R21. If M is complete, then K < 1, as we shall see in the next section. Thus in the following we assume that K < 1,
and consequently q is timelike. Now we can choose the new frame ﬁeld of Rn+21 along M as following:
e¯a = ea, e¯n = −(log |λ
m − Hm| 1n )′en + λen+1 + en+2√
K (u)
,
e¯n+1 =
√
K
1− K q, e¯n+2 =
1− K
λ
√
K
de¯n+1
du
.
Then e¯n+1, e¯n+2 span the ﬁxed Lorentzian 2-plane R21 with e¯n+1 timelike. Now the position vector of M in R
n+2
1 can be
written as
x = q + 1√
K
e¯n, (3.28)
and the curve q = q(u) in R21 can be expressed by
q =
√
1− K
K
e¯n+1. (3.29)
We ﬁx an orthonormal basis ε1, ε2 for R21 with ε1 timelike, and write
e¯n+1 = cosh θε1 + sinh θε2, e¯n+2 = sinh θε1 + cosh θε2. (3.30)
By the deﬁnition of e¯n+1 and e¯n+2 we have
dθ
du
= λ
√
K
1− K . (3.31)
Now (3.28) deﬁnes an isometric embedding x : (a,b)× 1√
K
S
n−1(1) → Sn+11 (1). Conversely, assume that w = w(u) : (a,b) → R
be a positive solution of Eq. (3.14) for some constants Hm and C > 0, and λ = (w−n +Hm) 1m for (3.14)+ or λ = (Hm −w−n) 1m
for (3.14)− is well-deﬁned, and deﬁne K = K (u) by (3.17). Then we can argue as in the case C < 0 to conclude that (3.28)–
(3.31) determines an isometric immersion of (a,b) × 1√
K
S
n−1(1) into Sn+11 (1) with constant m-th mean curvature Hm such
that λ is the principal curvature of multiplicity n− 1. Therefore, we have the following
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m = 1, λ > H > 1.
w 0 (0,w0) w0 =
(−(n−2)H+√n2H2−4(n−1)
2(n−1)
)− 1n (w0,+∞) +∞
f + = f +(w) −∞ < 0 0 > 0 H2 − 1
F+ = F+(w) +∞ ↘ Λ = Λ(H) > 0 ↗ +∞
Theorem 3.1. Let M be an n-dimensional spacelike hypersurface immersed into Sn+11 (1) for n 3. Assume that M has constant m-th
mean curvature Hm and that M has two distinct principal curvatures λ and μ with multiplicities n − 1 and 1, respectively (when
m 2, we assume that λ = 0). Then λ = λ(u) depends only on u, the arc parameter of the integral curves of μ, and w = |λm − Hm|− 1n
satisﬁes the ordinary differential equation (3.14) for some constant C , and M is the locus of a family of moving (n − 1)-dimensional
submanifolds Mn−1(u) of constant curvature K (u), where K (u) is deﬁned by (3.17). Moreover,
(1) if C < 0, then M is locally isometric to (a,b) ×ρ Hn−1(−1) with ρ = 1√−K (u) , and the immersion x of M into Sn+11 (1) is given by
(3.23)–(3.26), where e¯n is the position vector of Hn−1(−1) in Rn1 . Conversely, if w = w(u) : (a,b) → R be a positive solution of
Eq. (3.14) for some constants Hm and C < 0, and that λ = (w−n + Hm) 1m for (3.14)+ or λ = (Hm − w−n) 1m for (3.14)− is well-
deﬁned, and deﬁne K = K (u) by (3.17). Then formulas (3.23)–(3.26) deﬁne an isometric immersion x : (a,b) ×ρ Hn−1(−1) →
S
n+1
1 (1) which is a spacelike hypersurface with constant m-th mean curvature Hm and two distinct principal curvatures one of
which is simple;
(2) if C > 0 and K < 1, then M is locally isometric to (a,b) ×ρ Sn−1(1) with ρ = 1√K (u) , and the immersion x of M into Sn+11 (1)
is given by (3.28)–(3.31). Conversely, if w = w(u) : (a,b) → R be a positive solution of Eq. (3.14) for some constants Hm and
C > 0, and K < 1, then (3.28)–(3.31) determine an isometric immersion of (a,b) ×ρ Sn−1(1) into Sn+11 (1) with constant m-th
mean curvature Hm and two distinct principal curvatures one of which is simple.
4. Global classiﬁcation results
In this section we shall consider the global results, namely, the complete spacelike hypersurface in Sn+11 (1) of constant
m-th mean curvature and two distinct principal curvatures with one of which is simple. Clearly, it is related to the complete
solution of ordinary differential equation (3.14), here we call a solution w = w(u) of (3.14) to be complete if it is deﬁned
on R. Let us ﬁrst consider the case when m = 1. In this situation, replace en+1 by −en+1 if necessary, we can always assume
that λ−H > 0, here H = H1 is the mean curvature. That is to say, we need only to consider complete spacelike hypersurface
M in Sn+11 (1) which satisﬁes the following.
Condition (∗): The hypersurface (or the immersion) is of constant mean curvature H and two distinct principal curvatures
λ > H,μ with multiplicities n− 1,1.
Now the ordinary differential equations for w = (λ − H)− 1n are
d2w
du2
= w(nHλ − (n − 1)λ2 − 1)= w(−(n − 1)(w−n + H)2 + nH(w−n + H)− 1) := wf +(w), (4.1)(
dw
du
)2
= C + w2(w−n + H)2 − w2 := C + F+(w). (4.2)
It is clear that the properties of the complete hypersurface depend on the complete solution of the ODE (4.2). For this
purpose we need to analyse the properties of functions F+ and f + . Notice that ddw F
+(w) = 2wf +(w) = 2w(−(n − 1)λ2 +
nHλ − 1), when H > 1 we have Table 4.1
By this table we can prove
Theorem 4.1. Let H > 1, n 3. Then for any C > −Λ, there exists no complete positive solution for (4.2). On the other hand, for each
C < −Λ, there exists a unique complete positive solution w = w(u) : R → [w0,+∞) up to a parameter translation. The solution
w = w(u) can be chosen in a way that it is an even function which is strictly increasing and unbounded on (0,+∞). Each solution
determines an isometric immersion of R × 1√−K H
n−1(−1) into Sn+11 (1) satisfying the condition (∗) and the immersion is given by
(3.23)–(3.26). There is only a constant solution w = w0 for (4.2) with C = −Λ which is corresponding to the hyperbolic cylinder
H
n−1(1− λ20) × S1(1− 1λ20 ), here λ0 =
nH+
√
n2H2−4(n−1)
2(n−1) .
Proof. Suppose that w = w(u) : R → (0,+∞) is a complete solution of (4.2) for some C > −Λ. Then ( dwdu )2 = C + F+(w)
C + Λ > 0. Let {ui} ⊂ R be a series of numbers such that limi→+∞ w(ui) = inf(w(u)), then by the generalized maximum
principal (see [5]) we get 0 = limi→+∞(w ′(ui))2  C + Λ > 0, which is a contradiction. Hence there exists no complete
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m = 1, λ > H , − 2
√
n−1
n < H  1.
w 0 (0,+∞) +∞
f + = f +(w) −∞ < 0 H2 − 1 0
F+ = F+(w) +∞ ↘ 0 (H = 1)
−∞ (H = 1)
Table 4.3
m = 1, λ > H = − 2
√
n−1
n .
w 0 (0,w0) w0 =
( n−2
n
√
n−1
)− 1n (w0,+∞) +∞
f + = f +(w) −∞ < 0 0 < 0 < 0
F+ = F+(w) +∞ ↘ Λ = Λ(H) < 0 ↘ −∞
Table 4.4
m = 1, λ > H , −1< H < − 2
√
n−1
n .
w 0 (0,w1) w1 (w1,w2) w2 (w2,+∞) +∞
f + = f +(w) −∞ < 0 0 > 0 0 < 0 H2 − 1 < 0
F+ = F+(w) +∞ ↘ Λ1 < 0 ↗ Λ2 < 0 ↘ −∞
w1 =
(−(n−2)H+√n2H2−4(n−1)
2(n−1)
)− 1n w2 = (−(n−2)H−√n2H2−4(n−1)2(n−1) )− 1n
positive solution for (4.2) when C > −Λ. Now we assume that C < −Λ. By Table 4.1 there exist two solutions w = w1,w2
of equation F+(w) = −C with 0 < w1 < w0 < w2, and any solution w = w(u) of (4.2) must satisﬁes w  w2 or w  w1.
Now let w = w(u) : (a,b) → [w2,+∞) be a non-extendable positive solution of (4.2) for C < −Λ with initial value condition
w(0) = w2. Then w(u) w2,w ′(0) = 0, and by (4.1) and Table 4.1 we see that w ′′(u) > 0, thus w(u) is strictly increasing
on (0,b) and it satisﬁes
dw
du
=
√
C + F+(w) (4.2)+
on (0,b). On the other hand, w is strictly decreasing on (a,0) and it satisﬁes
dw
du
= −
√
C + F+(w) (4.2)−
on (a,0). Let us ﬁrst prove that w is even. Let w˜(u) = w(−u), then dw˜du =
√
C + F+(w˜) for u ∈ [0,−a), and w˜(0) =
w(0) = w2. By the uniqueness of ODE (4.2)+, we have −a = b, and w(−u) = w˜(u) = w(u) for u ∈ [0,b), and thus w = w(u)
is even. Now we claim that limu→b w(u) = +∞. Otherwise, suppose that limu→b w(u) = A < +∞, we consider the local
solution w˜ = w˜(u) : (−2,2) → [w2,+∞) of (4.2)+ with initial value condition w˜(0) = A. Thus w˜(−) < A < w˜().
Then there exists u0 > 0 such that w(u0) = w˜(−), and by the uniqueness of the ODE (4.2)+, w(u) = w˜(u − u0 − ) for
u0 −  < u < u0 + 3 . Consequently, w(u0 + 2) = w˜() > A, which is a contradiction. Hence limu→b w(u) = +∞. In the
following we prove that b = +∞. In fact, if b < +∞, then since limu→b w(u) = +∞, there exists positive number u0 < b
and B such that
dw
du
=
√
C + w2(w−n + H)2 − w2 < Bw(u), ∀u0 < u < b,
from which it follows that
w(u)
w(u0)
< exp
(
B(u − u0)
)
, ∀u0 < u < b,
which contradicts with limu→b w(u) = +∞. Thus we must have b = +∞.
In summary, we have proved that when C < −Λ, there exists a complete solution of (4.2) w = w(u) : R → [w2,+∞)
which is unique up to a parameter translation by the uniqueness of ODE. On the contrary, if we replaced the initial value
condition by w(0) = w1, then since w ′′(u) < 0 and 0 < w(u) w1 in this situation, it is easy to know that −∞ < a < b <
+∞, namely, it cannot be extended to a complete solution. As for the case C = −Λ, by the uniqueness of ODE the only
solution for (4.2) now is the constant solution w = w0. Now the result of the theorem follows from Theorem 3.1. 
In the following we consider the case when H  1. (See Tables 4.2–4.5.)
Using Tables 4.2–4.5 we can argue as above to analyze the properties of the solution of (4.2). For instance, in the
case when −1 < H < − 2
√
n−1 , by Table 4.4 we can show that (4.2) has a unique periodic solution w = w(u) up to an
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m = 1, λ > H , H −1.
w 0 (0,w0) w0 =
(−(n−2)H+√n2H2−4(n−1)
2(n−1)
)− 1n (w0,+∞) +∞
f + = f +(w) −∞ < 0 0 > 0 H2 − 1
F+ = F+(w) +∞ ↘ Λ = Λ(H) < 0 ↗ 0 (H = −1)
+∞ (H < −1)
parameter translation for each C ∈ (−Λ2,−Λ1), and it satisﬁes w(u) w0 > w1, where w0 is the minimum of the solution.
Equivalently,
λ = λ(u) λ0 = w−n0 + H <
nH +√n2H2 − 4(n− 1)
2(n − 1) < 0,
and thus by (3.17) we have
K = K (u) = C
w2(u)
 C
w20
= 1− λ20 < 1,
as we have promised in Section 3. The other cases can be analyzed similarly. We have
Theorem 4.2. Suppose that n 3.
(1) Let − 2
√
n−1
n < H  1. Then for any constant C , there exists no complete positive solution for (4.2). Consequently, there exists no
complete spacelike hypersurface in Sn+11 (1) satisfying the condition (∗).
(2) Let H = − 2
√
n−1
n . Then the only complete positive solution for (4.2) is the constant solution w = w0 which is corresponding to
C = −Λ. Consequently, hyperbolic cylinder Sn−1(n−2n−1 )×H1(2−n) is the only complete spacelike hypersurface in Sn+11 (1) which
satisﬁes the condition (∗).
(3) Let −1 < H < − 2
√
n−1
n . Then for any C > −Λ1 or C < −Λ2 , there exists no complete positive solution for (4.2). On the other
hand, for each C ∈ (−Λ2,−Λ1), there exists a unique complete positive solution w = w(u) : R → (w1,+∞) up to a parameter
translation. Each solution is periodical, and it determines an isometric immersion of R × 1√
K
S
n−1(1) into Sn+11 (1) satisfying the
condition (∗), and the immersion is given by (3.28)–(3.31). The constant solutions w = w1 and w = w2 correspond to C = −Λ1
and C = −Λ2 , and they correspond to the hyperbolic cylinders Sn−1(1− λ2i ) × H1(1− 1λ2i ) with λi = w
−n
i + H, i = 1,2.
(4) Let H = −1. Then for any C > −Λ(−1) or C  0, there exists no complete positive solution for (4.2). On the other hand, for each
C ∈ (0,−Λ(−1)), there exists a unique complete positive solution w = w(u) : R → (w0,+∞) up to a parameter translation.
The solution w = w(u) can be chosen in a way that it is an even function which is strictly increasing and unbounded on (0,+∞).
Each solution determines an isometric immersion of R × 1√
K
S
n−1(1) into Sn+11 (1) satisfying the condition (∗) by (3.28)–(3.31).
There is only a constant solution w = w0 for (4.2)with C = −Λ(−1) which is corresponding to the hyperbolic cylinder Sn−1(1−
λ20) × H1(1− 1λ20 ), here λ0 = w
−n
0 + H.
(5) Let H < −1. Then for any C > −Λ(H), there exists no complete positive solution for (4.2). On the other hand, for each C <
−Λ(H), there exists a unique complete positive solution w = w(u) : R → (w0,+∞) up to a parameter translation. The solution
w = w(u) can be chosen in a way that it is an even function which is strictly increasing and unbounded on (0,+∞). If C = 0,
each solution determines an isometric immersion of either R × 1√
K
S
n−1(1) into Sn+11 (1) for C > 0 by (3.28)–(3.31), or R × 1√−K
H
n−1(−1) into Sn+11 (1) for C < 0 by (3.23)–(3.26), which satisﬁes the condition (∗). There is only a constant solution w = w0
for (4.2) with C = −Λ(H) which is corresponding to the hyperbolic cylinder described as in (4).
Now we consider the case when m 2. As we already pointed out in Section 3, in this situation λ never vanishes unless
it equals to zero identically, and the later case never occurs when Hm = 0. In the following we always assume that λ never
vanishes, and replace en+1 by −en+1 if necessary, we can always assume that λ > 0. Hence we need only to deal with the
following three cases: Case A: λm > Hm  0; Case B: Hm > λm > 0; and Case C: λm > 0 > Hm . For simplicity, we will say
that a hypersurface M in Sn+11 (1) is of property A (resp. property B, property C) if M has constant m-th mean curvature Hm
and two distinct principal curvatures λ,μ of multiplicities n− 1,1 with λm > Hm  0 (resp. Hm > λm > 0, λm > 0 > Hm).
Case A: m  2, λm > Hm  0. In this case, the ODEs for w = (λm − Hm)− 1n are (3.13)+ and (3.14)+, and by ddw F+(w) =
2wf +(w) we have Tables 4.6 and 4.7.
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m 2, λm > Hm > 1.
w 0 (0,w0) w0 (w0,+∞) +∞
f + = f +(w) −∞ (m < n)
−1 (m = n)
< 0 0 > 0 H
2
m
m − 1
F+ = F+(w) +∞ (m < n)
1 (m = n)
↘ Λm > 0 ↗ +∞
Table 4.7
m 2, λm > Hm , 1 Hm  0.
w 0 (0,+∞) +∞
f + = f +(w) −∞ (m < n)
−1 (m = n)
< 0 H
2
m
m − 1
F+ = F+(w) +∞ (m < n)
1 (m = n)
↘ 0 (Hm = 1)
−∞(Hm < 1)
Table 4.8
m 2, Hm > λm > 0, Hm  1.
w H
− 1n
m (H
− 1n
m ,+∞) +∞
f − = f −(w) +∞ (m > 2)
n
2 H2 − 1 (m = 2)
> 0 H
2
m
m − 1
F− = F−(w) −H−
2
n
m ↗ Λ = +∞ (Hm > 1)
Λ = 0 (Hm = 1)
Table 4.9
m > 2, Hm > λm > 0, Hm < 1 or 1 > H2 > 2n when m = 2.
w H
− 1n
m (H
− 1n
m ,w0) w0 (w0,+∞) +∞
f − = f −(w) +∞ (m > 2)
n
2 H2 − 1 (m = 2)
↘ 0 ↘ H
2
m
m − 1
F− = F−(w) −H−
2
n
m ↗ Λm < 0 ↘ −∞
Table 4.10
m = 2, 2n  H2 > λ2 > 0.
w H
− 1n
m (H
− 1n
m ,+∞) +∞
f − = f −(w) n2 H2 − 1 ↘ H2 − 1
F− = F−(w) −H−
2
n
m ↘ −∞
By Tables 4.6 and 4.7 we can prove
Theorem 4.3. Suppose that n 3,m 2.
(1) Let 0  Hm  1. Then there exists no complete positive solution of (3.14)+ for any constant C . Consequently, there exists no
complete spacelike hypersurface in Sn+11 (1) of property A.
(2) Let Hm > 1. Then for any C > −Λm, there exists no complete positive solution of (3.14)+; On the other hand, for each C <
−Λm, there exists a unique complete positive solution w = w(u) : R → [w0,+∞) up to a parameter translation. The solution
w = w(u) can be chosen in a way that it is an even function which is strictly increasing and unbounded on (0,+∞). Each
solution determines an isometric immersion of R× 1√−K H
n−1(−1) into Sn+11 (1) of property A. The immersion is given by (3.23)–
(3.26). There is only a constant solution w = w0 for (3.14)+ with C = −Λm which is corresponding to the hyperbolic cylinder
H
n−1(1− λ20) × S1(1− 1λ20 ), here λ0 = (w
−n
0 + Hm)
1
m .
Case B: Hm > λm > 0. Now the ODEs for w = (Hm−λm)− 1n are (3.13)− and (3.14)−. Notice that in this situation w > H−
1
n
m ,
and we have Tables 4.8–4.10.
Thus we have the following
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(1) If Hm  1, then for C ∈ R\(−Λ, H−
2
n
m ), there exists no complete positive solution of (3.14)
−. On the other hand, for each C ∈
(−Λ, H−
2
n
m ), there exists a unique complete positive solution w = w(u) : R → (H−
1
n
m ,+∞) up to a parameter translation. The
solution w = w(u) can be chosen in a way that it is an even function which is strictly increasing and unbounded on (0,+∞).
If C = 0, each solution determines an isometric immersion of either R × 1√
K
S
n−1(1) into Sn+11 (1) for C > 0 by (3.28)–(3.31), or
R × 1√−K H
n−1(−1) into Sn+11 (1) for C < 0 by (3.23)–(3.26), of property B.
(2) If 0< Hm < 1, m > 2 or m = 2, 1 > H2 > 2n , then for C ∈ R\(−Λm, H
− 2n
m ), there exists no complete positive solution of (3.14)
−.
On the other hand, for each C ∈ (−Λm, H−
2
n
m ), there exists a unique complete positive solution w = w(u) : R → (H−
1
n
m ,+∞) up
to a parameter translation. Each solution is periodical, and it determines an isometric immersion ofR× 1√
K
S
n−1(1) into Sn+11 (1) of
property B. The immersion is given by (3.28)–(3.31). The constant solution w = w0 corresponds to C = −Λm, and it corresponds
to the hyperbolic cylinder Sn−1(1− λ20) × H1(1− 1λ20 ) with λ0 = (Hm − w
−n
0 )
1
m .
(3) If m = 2, 0 < H2  2n , then there exists no complete positive solution of (3.14)− for any constant C . Consequently, there exists no
complete spacelike hypersurface in Sn+11 (1) of property B.
Case C: λm > 0 > Hm . The ODEs for w = (λm − Hm)− 1n are (3.13)+ and (3.14)+. Now w ∈ (0, (−Hm)− 1n ), and it is direct
to verify that F+ = F+(w) is strictly decreasing on (0, (−Hm)− 1n ). Consequently, we have
Theorem 4.5. Let Hm < 0,n 3. Then there exists no complete solution of (3.14)+ with 0 < w < (−Hm)− 1n for any C . Consequently,
there exists no complete spacelike hypersurface in Sn+11 (1) of property C.
5. Applications: the characterizations for hyperbolic cylinders and some non-existence results
In this last section we shall use the global classiﬁcation results to give some characterizations for hyperbolic cylinders
in Sn+11 (1) and obtain some non-existence results. At ﬁrst we notice from Theorems 4.1 and 4.2 that, for complete space-
like hypersurface in Sn+11 (1) with two distinct principal curvatures λ,μ of multiplicities n − 1,1, if it has constant mean
curvature H with |H|  1, and λ = λ(u) is not constant, then the function w(u) = |λ(u) − H|− 1n is unbounded, and this
is equivalent to limu→+∞ λ(u) = H or limu→+∞(λ(u) − μ(u)) = 0. Secondly, it easy to know that for the hyperbolic cylin-
ders Mk,n−k(λ) described in Example 2.1, the mean curvature H satisﬁes n2H2  4k(n − k) 4(n − 1), we clearly have the
following
Theorem 5.1.
(1) Let H be a number with |H| 1, then the hyperbolic cylinders described in Example 2.1 are the only complete spacelike hypersur-
faces in Sn+11 (1) (n 3) of constant mean curvature H with two distinct principal curvatures λ,μ satisfying inf(λ − μ)2 > 0.
(2) Let H be a number with |H| < 2
√
n−1
n . Then there exists no complete spacelike hypersurface in S
n+1
1 (1) (n  3) with constant
mean curvature H and two distinct principal curvatures.
Next, let M be a complete spacelike hypersurface in Sn+11 (1) of constant mean curvature H and two distinct principal
curvatures λ > H,μ with multiplicities n− 1,1. Then again from Theorems 4.1 and 4.2 we see that w = (λ− H)− 1n satisﬁes
w  w0 :=
(−(n − 2)H +√n2H2 − 4(n− 1)
2(n− 1)
)− 1n
,
or equivalently,
λ λ0 := nH +
√
n2H2 − 4(n− 1)
2(n − 1) . (5.1)
Consequently, the squared length of the second fundamental form satisﬁes
S = (n − 1)λ2 + (nH − (n− 1)λ)2 = n(n − 1)(λ − H)2 + nH2 −n + n3H2
2(n− 1) −
n(n − 2)
2(n− 1)H
√
n2H2 − 4(n− 1),
and the equality holds if and only if M is isometric to some hyperbolic cylinder. Hence we have
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√
n−1
n .
(1) Let M be a complete spacelike hypersurface in Sn+11 (1) (n 3) of constant mean curvature H and two distinct principal curvatures
λ > H,μ with multiplicities n− 1,1. Then the squared length of the second fundamental form satisﬁes
S −n + n
3H2
2(n − 1) −
n(n − 2)
2(n− 1)H
√
n2H2 − 4(n− 1),
and the equality holds if and only if M is isometric to hyperbolic cylinder Hn−1(1− λ20) × S1(1− 1λ20 ) when H > 1 or S
n−1(1−
λ20) × H1(1− 1λ20 ) when H −
2
√
n−1
n , here λ0 is given by (5.1).
(2) Let M be a complete spacelike hypersurface in Sn+11 (1) of constant mean curvature H and two distinct principal curvatures with
multiplicities n− 1,1. Then the squared length of the second fundamental form satisﬁes
S −n + n
3H2
2(n − 1) +
n(n − 2)
2(n− 1) |H|
√
n2H2 − 4(n− 1),
and the equality holds if and only if M is isometric to hyperbolic cylinder Sn−1(1− λ2) × H1(1− 1
λ2
), here
λ = nH −
√
n2H2 − 4(n− 1)
2(n− 1) .
Note that the corresponding result of Theorem 5.2 for complete hypersurfaces in unit sphere has been obtained by
Wei [8]. For the case m 2, by Theorems 4.3–4.5 and the similar argument as above we have
Theorem 5.3.
(1) Let n  3, and Hm be a number with |Hm|  1, then the hyperbolic cylinders described in Example 2.1 are the only complete
spacelike hypersurfaces in Sn+11 (1) of constant m-th mean curvature Hm with two distinct principal curvatures λ,μ satisfying
inf(λ − μ)2 > 0.
(2) Let n  3 and m be even. Then there exists no complete spacelike hypersurface in Sn+11 (1) of constant m-th mean curvature
Hm < 0 and two distinct principal curvatures when m  4, while there exists no complete spacelike hypersurface in Sn+11 (1) of
non-zero constant second mean curvature H2  2n and two distinct principal curvatures.
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